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COORDINATED PROGRESS IN CONCEPTUAL UNDERSTANDING AND 
REPRESENTATIONAL COMPETENCE 

Assessing Data Modeling characterizes elementary and middle school students’ 
skills and understandings of data modeling and statistical reasoning. Data 
Modeling consists of seven dimensions, each expressed as a construct map, a 
hypothetical trajectory of learning performances. This model of a learning 
progression guides item design and interpretation of student responses, and the 
model of the learning progression is subject to test by the evidence obtained from 
student responses. Because learning theory suggests that data modeling develops 
as students’ orchestrate elements of knowledge across dimensions, we describe 
current efforts to model multidimensional performance between two constructs 
using the evidence provided by the construct maps, scoring exemplars, and the 
multidimensional item response model. 
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COORDINATED PROGRESS IN CONCEPTUAL UNDERSTANDING AND 
REPRESENTATIONAL COMPETENCE 

 
An adequate understanding of the key concepts that underlie decision-making 

based on data is a key component both as a foundation for modern scientific language in 
academic settings and for informed and evidence based decision making in everyday life. 
These basic notions of probability and data analysis have been labeled ‘statistical 
literacy’ (Watson, 2006). An interest in statistics literacy in education has risen over the 
past 25 years (Franklin et al., 2005); this increase that has been reflected in its role in pre-
K-12 curricula, becoming an official part of the Curriculum and Evaluation Standards 
for School Mathematics (NCTM, 1989, 2000) under the label of ‘Data Analysis and 
Probability’.  

The National Council of Teachers of Mathematics (NCTM) standards for this area 
defined a set of skills and concepts that students should master during their pre-K-12 
education. Although there has been substantive qualitative research regarding the 
teaching and assessment of these skills and concepts (Lajoie, 1998), there is little 
research regarding the relationship of these skills and concepts from a quantitative 
standpoint. A quantitative study of the interrelations between these skills and concepts 
can contribute to the debate not only by presenting evidence to support or contradict 
theoretical models in the field, but also by identifying previously unexplored 
associations, informing both practitioners and academics in this field. 

 In this paper we intend to address this issue by presenting a quantitative analysis 
of two constructs, their dimensionality, and their interrelations, based on data gathered 
through assessment instruments developed by the Assessing Data Modeling (ADM) 
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project  (Burmester et al., 2006; Lehrer et al., 2007). This project developed instruments 
that captured middle school students’ understanding of statistical concepts. It 
hypothesized that seven theoretical concepts form the basis of statistical understanding; 
these include for example a conception of statistics and representational competence. The 
Conceptions of Statistics (CoS) construct, proposes a series of landmarks as students 
come to first recognize that statistics measure qualities of distribution and then go on to 
develop understandings of statistics as generalizable and as subject to sample-to-sample 
variation.  The Data Display (DaD) construct, traces a progression of learning to 
construct and read displays from an initial emphasis on cases toward reasoning based on 
properties of the aggregate. 

 We will use Multidimensional Item Response Models (Briggs & Wilson, 2004) to 
assess the multidimensional structure of the results. Specifically, we will how learning 
progresses through qualitative levels in each area and how these levels coordinate across 
the two constructs. For this paper, two of seven constructs have been examined. This 
study focuses on the connections between the learning progression in conceptions of 
statistics and representational competence.  Future analyses will include 
multidimensional analyses of all seven constructs.  
Theoretical Framework 

Failing to achieve an appropriate understanding of the concepts underlying data 
analysis or probability, such as the nature of chance and the idea of variability, may 
undermine students ability of mastering both formal statistics and informal inferences 
(Metz, 1998). Therefore, a central aspect of any statistics curriculum in pre-K-12 
education will be the identification of the set of basic concepts that support data based 
decision making, and therefore, that serve as basis for more advanced statistical 
reasoning. 

The seven constructs, or progress variables, considered in this framework were 
developed through a series of design experiments to explore the typical patterns of 
change as students learned to construct and revise models of data as a part of the Model 
Measure curriculum.  These include variables pertaining to  the first progress variable, 
Theory of Measure (ToM), introduce data modeling via measurement in Model Measure.  
The second, Models of Variability (MoV), suggests key conceptual attainments as 
students learn to model a distribution of measurements with chance devices. The third, 
Data Display (DaD), traces a progression of learning to construct and read displays from 
an initial emphasis on cases toward reasoning based on properties of the aggregate. A 
closely associated construct, Meta-Representational Competence (MRC), proposes 
keystone performances as students learn to harness representations to making claims 
about data and to consider trade-offs among representations in light of these claims. The 
fifth, Conceptions of Statistics (CoS), proposes a series of landmarks as students come to 
first recognize that statistics measure qualities of distribution and then go on to develop 
understandings of statistics as generalizable and as subject to sample-to-sample variation.  
The sixth construct, Informal Inference (InI), describes a progression in the basis of 
students’ inferences about single samples or about multiple samples and the seventh 
construct (Cha) describes modeling of chance events.  
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While these progress variables are currently modeled on their own, the theoretical 
framework does imply that they are closely related. For instance, Models of Variability 
indicates a progression of understanding that culminates in modeling phenomena with 
chance devices. This construct relies on an orchestration of many of the components of 
the other data modeling constructs. Therefore, the other constructs are presumed to be 
related. However, this relationship has not been estimated empirically. The analyses 
presented in this study are part of that continuous revision process, and in particular, try 
to determine from a measurement perspective whether the collected data support the 
existence of associations between these constructs. Specifically, this paper will examine 
associations between two of the seven constructs: Conceptions of Statistics and Data 
Display at baseline. Future analyses will consider associations between all seven of the 
constructs as student progress through the curriculum. 

Conceptions of statistics. This construct describes the development of concepts of 
statistics. It reflects the perspective that statistics are summary measures of data that are 
developed to answer research questions. It is important that students come to see the 
functions of statistics as ways to characterize qualities of the sample distributions (i.e., 
central tendency and spread) and not merely as an obligatory procedural step in working 
with data. The construct map is shown in Figure 1. At level CoS1, students describe 
qualities of distribution informally by using visual qualities of data such as identifying 
clumps, noticing holes, or discussing the “spread” of data. At level CoS2, students 
calculate statistics, but may fail to reason about the statistic as a measure of a quality of a 
distribution. For example, a student may calculate the mean but neglect to relate the mean 
to the center of the distribution or not consider the effects of outliers on the mean. At 
level CoS3, students conceive of statistics as measures of qualities of a distribution, such 
as its center and spread. Hence, they can reason about the effects of changes in 
distribution, such as the presence or absence of extreme values, on the resulting value of 
a statistic. The initial step of this level starts with inventing or appropriating different 
ways to summarize qualities of distribution and then includes recognition that different 
statistics may be appropriate given particular contexts (i.e., the process generating the 
distribution) and forms of distribution. At level CoS4, students begin by noting and 
expecting sample-to-sample variability in a statistic and attribute this variability to 
chance. As students investigate sampling variability, they come to understand regularities 
in variability that can be described by a sampling distribution. For example, students may 
realize that although changes in the location of the mean are expected from sample to 
sample, the variability of the samples’ means is lower than the variability of the 
measurements constituting each sample. This culminates in predicting the effects of 
changes in properties of a sample on the sampling distribution.  
 Data display. The Data Display construct outlines the progression of students’ 
perceptions of data, particularly the ways they might think about constructing or 
interpreting a display (e.g., graph) as a means of better understanding the phenomenon in 
question. The Construct map is shown in Figure 2. This construct describes 
representational competence. The learning progression is characterized by a shift from a 
case-specific to an aggregate perspective of the data display. The highest level describes 
an integration of both perspectives. The milestones are keyed to displays of a single 
variable, but the general progression from reading cases toward reading aggregates is 
important to most forms of display. Initially, at DaD1, students interpret displays as 



 4 

collections of values, but they tend not to link displays to the purposes of the display, 
such as the question that motivated its construction. At DaD2, students interpret displays 
by recourse to particular cases. For example, students notice the relative value (order) of 
cases, their distinctiveness (e.g., outliers), or their commonalities (e.g., repeated values).  
At DaD3, students begin to step toward thinking about aggregates of cases when they 
construct or interpret displays. For example, when constructing a display, they may 
establish classes of similar values of cases, or when interpreting a display, they may focus 
on clumps of similar values. Although students may develop classes of values when they 
construct displays, their constructions will often include “bins” (intervals) that are not of 
uniform size or that do not employ a continuous scale, even when such a scale is feasible.  
DaD4 marks a transition to employing scale to thinking about aggregates of data, either 
by constructing displays with these characteristics (where appropriate) or by interpreting 
displays in light of the presence or absence of scale properties. For example, if students 
develop classes of values, they ensure the intervals are identical, to foster ease of 
interpretation. If students are interpreting a display, they value characteristics in displays 
that highlight specific trends and see how a continuous scale might allow them to see 
holes or gaps in data that might otherwise not be apparent. DaD5 continues this shift 
toward the aggregate, which is assisted by quantification of aggregates. For example, 
students might annotate a display to indicate the percentage of values in different classes, 
or they may employ statistics to quantify aggregate qualities, such as spread, and then 
annotate a display accordingly.  Finally, at DaD6, students integrate case- and density-
based perspectives. They view cases as representative of regions of the data, and they 
begin to use aggregate data trends to evaluate individual cases (e.g., pointing out clusters 
of cases that do not seem to conform to the trends that characterize the rest of the 
distribution). 

Method 

Participants 
 The ADM project administered a set of pre-test forms to students beginning the 
statistics curriculum in various middle schools in Arkansas. 658 students from 29 
different classrooms were included for this analysis. Students in the same classrooms 
were all given the same test form. These test forms covered all seven constructs, with 
each form covering at least two of the constructs. The post-test data is currently being 
collected. In future studies, the post-test data will be compared to the pre-test data in an 
effort to describe growth.   

Instrument 
 The subset of the pretest instrument used for this study consisted of 16 CoS 
related items and 9 DaD related items.  The CoS related items were named “solar panel”, 
“tallest tree 1”, “tallest tree 2”, “exercise ball 1”, “exercise ball 2”, “exercise ball 3”, 
“exercise ball 4”, “exercise ball 5”, “caffeine”, “corn plants”, “Kayla”, “range”, “swim 
1”, “swim 2”, “swim 3”, and “years” (items 1-16). The DaD items were named “capitol 
1” , “capitol 2”, “ bowling 1”, “bowling 2”, “rocket 1”, “rocket 2”, “crab 1”, “crab 2”, 
and “crab 3” (items 17-25). Each of these items was targeted at specific levels of either 
construct. Next a few example items from each construct are described. 
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 Exercise Ball 1, 2, and 3 are used as an example to describe the CoS items. The 
text of these items is shown in Figure 3. In question 1 students are asked to calculate 
summary statistics (i.e., median, mode, and mean) of a given data set.  This item taps 
Conceptions of Statistics (CoS) because students are asked to characterize the sample 
distributions using summary statistics.  The target level of this question is CoS2(a) which 
is about being able to calculate and use statistics without relating them to qualities of the 
distribution or focusing on their function. Wrong answers may suggest lack of procedural 
knowledge about calculating median, mode, and mean. In question 2 students are given a 
scenario about a missing measurement and are asked to predict that measurement based 
on its impact on the mean, median and mode (i.e., increase, decrease, remain the same). 
The item taps Conceptions of Statistics (CoS) because students are asked to look for any 
change in median, mode, and mean due to adding another observation.  The target level 
of this question is CoS2(a) which is about correctly calculating a statistic. Wrong answers 
may indicate lack of knowledge about median, mode, and mean. In Question 3 students 
are asked to estimate two individual values when provided with the mean and 3 of the 
case values from a 5 case sample.  The item taps Conceptions of Statistics (CoS) because 
students are asked to derive two numbers constrained by sample mean.  The target level 
is CoS2(a) which is about correctly calculating a statistic. The connection between each 
answer to this item and the level of CoS is described further in the procedure. 
 Next, the example DaD items, bowling 1 and 2, are described. The text of these 
items is shown in Figure 4. The intention of these items is to investigate the student’s 
understanding of display creation and comparative interpretation of their displays in 
reference to a particular question.  For parts 1 and 2, the item is focused on the Data 
Display construct and how the students manipulate, organize and/or visually represent the 
data set.  According to the curriculum, the phrase “make a display” can be any visual 
representation including ordering the numbers and does not need to be a graph.  At the 
highest level (DaD4(a)), a student would represent the data in either a bin display or a 
frequency display, but attend to both its ordinal properties and to continuity.  One step 
down from there, at DaD3(b), the student creates a display using binning but fails to 
place the groups continuously, thus missing certain values or groups of values.  DaD3(a) 
highlights a student who creates a frequency display, but like in DaD3(b), does not attend 
to the continuity of the display.  Students who simply ordered the data but did not arrange 
it in any other way are placed at the level of DaD2(b).  Finally, in DaD2(a) students 
attend only to specific data points (such as maximum or minimum) and in DaD1(a), 
students attend to values or groups of values that have less significant meaning in this 
context (such as odds and evens).  Ordinarily, students who performed at the lower levels 
might have answers considered irrelevant for the question (such as listing particular data 
values), but since the question surrounds the idea of finding Danny’s typical bowling 
score, we decided to include such responses in these levels rather than in No Link.  
“Minus” levels for DaD3(a), DaD3(b) and DaD4(a) were included to incorporate students 
whose thinking almost matched those levels, but either miscounted values, did not order, 
or used a grouping less appropriate for the specific question.  The detailed information on 
how scores on this item were mapped to the levels of the DaD is provided in the section 
on scoring exemplars below. 

Analysis Procedure 
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Scoring exemplars. Student responses to the items were scored using scoring 
guides closely related to the progress variables. They were scored such that each response 
represented a certain level of understanding of CoS or  DaD.  The scoring exemplar for 
one of the CoS example items, Exercise ball 1, is shown in Figure 5. The scoring 
exemplar for one of the DaD example items, Bowling 1, is shown in Figure 6. In some 
cases, theoretical levels of understanding were not found in the sample. Many of the 
students showed scores in the lower levels. The most likely explanation of the low scores 
is that the students in this sample were not particularly prepared for this type of 
assessment. In the upcoming data collection, students are suspected to be better prepared.   
 Multidimensional measurement model. A measurement model describes the 
relationship between the person ability and the probability of a certain response on an 
item. In its simplest case, it specifies a relationship between the person ability and the 
probability of a correct response to an item. For this analysis, models within the Rasch 
family used.  The typical Rasch model includes one person ability parameter and one 
item difficulty parameter in its formulation. However, models within the Rasch family 
can be written more generally using the Random Coefficients Multinomial Logit model 
(RCML) formulation (Adams & Wilson, 1996).  It can be represented as shown below 
where  represents the probability of a response j to and item Xi . 

 

Where  is the scoring vector,  

 is a vector of n free parameters,  

and  denotes their linear combinations for i=1,…I; k=1, …Ki. 

 

This model was designed to allow for flexibility in designing customized models 
and has been used in many examples for parameter estimation.  It can also be extended to 
include multidimensional formulations. As described in the theoretical framework for the 
Data Modeling context, up to seven abilities may be invoked when completing a task. 
The multidimensional formulation of the RCML is the Multidimensional Random 
Coefficients Multinomial Logit Model (MRCML). It is very similar to the RCML model 
(Adams et. al, 1997). One difference is that the ability parameter is a vector with an 
ability parameter estimated for each dimension. Additionally the scoring, free parameter 
and design vectors become matrices. The MRCML therefore allows for estimation of 
multiple abilities. However, in order to build a seven-dimensional model, it is best to 
begin by constructing a multidimensional model with fewer dimensions. This allows for 
the model to become increasingly complex in the process of model-building. So for the 
purpose of this analysis, the MRCML is used to describe how two abilities are related in 
the Data Modeling Context. Specifically, it is used to estimate a two-dimensional model 
that describes the relationship between the CoS and DaD abilities. 
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Results 
 The results from the two-dimensional partial credit analysis show results 
consistent with the theories of CoS and DaD. For instance, the theory suggests that CoS 
and DaD are distinct but related constructs. This would mean that the correlation between 
these latent abilities should be high, but not too high. If the correlation were say above 
0.90 this would suggest that the constructs are closer to being one-dimensional than 
multidimensional but related. The two-dimensional analysis resulted in a correlation of  
0.635 between the latent dimensions. This correlations fall within the range of those that 
would occur for distinct but related latent abilities.   
 Next, the full variance/covariance matrix for the final model is described. The 
variances show the amount of spread in the abilities for each domain. There was more 
variability in the DaD ability (var=0.858) than the CoS ability (var=0.776). This suggests 
that these abilities are distributed differently amongst students. The population means for 
the different domains also suggest that these abilities are distributed differently amongst 
students. The mean ability CoS  ability was -0.357 (SE=0.034). The mean DaD ability 
was -0.472 ( SE=0.036). Thus there were generally the lower levels of ability in DaD and 
higher levels of ability in CoS. 
 The multidimensional Wright Map also provides important information into how 
the constructs are related. The Multidimensional Wright Map is shown in Figure 7. In the 
Wright Map, the item parameters and person parameters are shown on the same logit 
scale, as defined on the far left of Figure 7. This alignment allows for a clear connection 
between performance on a certain item and the level of understanding. The distribution of 
student abilities, as described by the distribution parameters for each latent ability above, 
is shown with the “x” symbol in Figure 7, with each “x” representing 5.3 cases. It can be 
seen that the mean from the DaD distribution would be slightly higher than that for CoS. 
Also, it could be guessed that the spread of the DaD distribution is a bit wider than that of 
CoS, as described above. In addition, the generalized item thresholds are shown for each 
CoS item (1-16) and each DaD item (7-25). Each scoring level was also mapped to its 
appropriate level of either the CoS or DaD construct as described by the scoring exemplar 
for that item. These levels are mapped onto the logit scale on the far right of Figure 7. 
These combined features that create the multidimensional Wright map provide interesting 
evidence as to how CoS and DaD are related. 

 First, the multidimensional Wright Map shows that for low the qualitative level 
NL(ii) occupies the same range of logit values for both CoS and DaD. This would 
suggest that at this low level, most CoS and DaD concepts are beyond the grasp of the 
student. Thus there is low-end convergence in that when students know little about Data 
Modeling, the constructs are effectively similar. Next, the Multidimensional Wright Map 
shows a range predominated by CoS2(A) performances. At this level, students can 
calculate statistics describing central tendency. This range seems to encompass most of 
the DaD levels shown through this data. It may be that once can calculate statistics 
measuring central tendency, they have mastered many skills required for representational 
competence. This seems plausible given than many representations that these students 
have been exposed to are similar to histograms, showing central peaks where the most 
common values occur.  
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Discussion 
This paper described a process of making connections across learning progressions in 
multiple domains. Specifically, two domains within Data Modeling were examined for 
their theoretical connections using evidence provided by construct maps, scoring 
exemplars, and multidimensional analysis. It was found that the conceptual understanding 
domain is highly related to the representational domain. This suggests that students 
understanding and ability to represent ideas graphically grow together. In addition, it was 
found that certain levels within each domain relate specifically to each other. 

 First, it was found that at low ability levels, the domains converge. Next, it was 
noted that the results suggest a connection between calculating statistics such as the 
mean, median, or mode and representational competence. This finding however is 
clouded by the fact that many of the items in the analysis set were targeted at CoS 2(A). 
It could be that the abundance of this type of item is making it difficult to describe all of 
the other levels accurately. Future studies of this type should include more items targeted 
at varying levels of each construct so that these issues can be avoided, and true 
connections in learning progressions be examined. 
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Figure 1. The Conceptions of 
Statistics Construct Map.



 12 

 
 

 
 

 
 

 
 

 
Figure 2. The Data 
Display Construct 
Map. 
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Figure 3.  Example CoS Item. 
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Figure 4. Example DaD Item.
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Figure 5. Example of a CoS Scoring Exemplar. 
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Figure 6. Example of a DaD Scoring Exemplar. 
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Figure 7. Multidimensional Wright Map Showing the Ability Distributions, Generalized 
Item Thresholds, and Levels for CoS and DaD. 

 


